60 GOL(C’ duality & Small POI}J{:OP@S‘

Q: In how {or can combpinatorial J:jpes

Polytopes be clagorfect ¢

: 2w Zn
® recall 3D~ 223% m (n+m ) (Yl+3 ) /m+3 )

© bul prety hopelegs o generl olimeneions
e l&l(S Hg {o ClO&’J’\Tg sSwmaill polﬂ/-apezp

climension o P

® lodag :od ...
N ... number ot verbices o€ P [""fo)
© rocall: - h2 d+]

—hnh=d+] Only for Swplices

© Whel aboor al+2 d+3 ... ?
- How momy such polyropes exist (acympiotically ) ?

- How can Meg be conercucteol [ enuwmwerateot ?

—> New é:echn{que; gale duaLf{:&f
- anotver way fo “uisualivse " high - @'meneional

polU}oPeS' , but a b Mmove technical +hewn

@.g5- Schiegel alragvoms



-~ 9ale d'cco/#j is not gpecsfic to polyropes.
F)c#ually 4 a do(alﬁg {o  (abelled pornt
arfongemente B, .- Pn € [

cl- dimensienal > (n-cl) —climensienal

N- point arrovigemendt n-povn arrongevment

@ Thore exicr derent {ormy oF gale a{ual:’/y adlapteot
to different applications

€inear, affine spherical] ...



6.1 Cinear Gale duality
J J

e {ix & point axfengemevt Pr-Pn€ (Eac
(eg. verhces ot a polytope )

® assuwe het p © full- elimevvemno|
(the Pi conicin a bagie of ﬂ?d)

veok X = ol
. . Nxal
(n P\ ER cdim U = of
X:= EZ —> U =3gpan X & =3
; 2)
T Fn_ R N
duah'{-s :
I gale dual:’lj (3) | orinogenal
complewmen +
r 7 Y\KCh-d) v
% R
\ a; L [
; q) ) L
(S-) L_qn___\ G{lm u = V\-O(.

ronk X = n-al

ngvow:ﬂ‘)m :
(1) weite +ne P;'s Gr rows 0 o wattixy X
(z) (et W be the Column gpen of X
(3) Yake the oxtmogemel cowmplemens of K —= WL
(4) §inal ¢ watrix X 0okh COlunmh gpon ut

|
(S) dhe rows of X ar a Llinear gb/e duol of p.



o Note: [ineer Gole dual i no+ unigue Since olepenatent

on ihe choice of X'
Ex: ?o/e dual ¢ unigue vp to linear teoneormakiens.

® (£ n (& no+ much (arger thon el fuen {he Gale clua

[s of a {aidy small climeneion.

Exawple - Square [—’1/1]2

Po= (44), po=(4-1) , pa= (-2,-1), py=(-1,4)
(\ 2

R X _ ;

QOZ7-Q4 ,1 1 fq ,{—&
\_-,,7 \( = 1-1 |- e 4-4 =X'

°/__9 -1-14 |2 W

= =]

A

A / . . i
_ In prectee it IS earor
¢ : 9 (4 1 ) ioPgo dldrectly betuween

hWe mefncos

q,Z} - (41/1-3
q = (1,1

° lhe gale clual rtsel€ is Nat c Polﬂiope
© Poims 'n the g‘a(e dual con be own lop of each other
@ af leasy in Ing core: g’ale duoc{ seecmp 10 be com+Bimeat

m en Oofine Subepace



6.2.. aftine Gale cluality
v 3

% {here € G wag o “Shave O cne wmoce ddmension "
0f fwe gale dual which comeo aleo wHh other

convencen+ PPOPSPE\’GS )

Problem = ¢ the € Ineax 5’013 clual i$ not ‘ronsiohon imvanownd-

° but we maimly care abov- Combinatonol types
Which ore {canslorton fnveriont

Solut;oi: {ix @ canonical Iranplohaen of point arrongement

€.9. P"{'"'{"P“ =0

- ) 1
°© But i€ 4 is cont@ineot in U™ fos all pornt Grvenge mevt,
then i+ carriac no infarmohem aud we Con ignore /+.
° ldea: lake the ovthogemol| complewment of U

Wvt . 1'L

4
° In prachce: odel o coluwn (4,...,4) o X betore

cerverhuwg to U= Span X

—2> ronk X = d+|
—  rank X'= n-o-1\

—>  affine g’ale clual 1 (n-d-1)-adl'mensi'onal



Cxampie : equare again

(441 1

x= 211 — x=|7] — 1t
-1 1 : §
14 [-1 |

the c€fine gale oduol e aQ‘-‘melg Lell—dimeneonal

341& ..--(-?m =

© NOTE: when transfocwivg bace frowm ¢ o p
we oo ne} ocdd tue exire colwwmn (4, ..., 1)

— Ut\@ oeuolf}j becowey Grymwe{—n‘c
—7 lhere & an offine &vde (p) aua a

Cinear oide ( 4 )

BPpplication :  We can “clesety “ polytopes with o+l verbces

gale dual ;¢ n-d-l= (ce1)—cl-] = O- dimensiomnal
o (O-ctimensiongl means IPO== 50}
© all poinie ot the affine fole dual are O
— there ir only one posebic 57016 duac|(
— }here ie only ome posertle Such polytope

{or coch ol 2| (UP io @thne tfoneforwation ) .

= d~8‘3mplex



6.3. Gole oluals of polytopes

o g’ole cluols @xier {or CIL POVN+ aYrongemewts

— Q: con I fell wwhe+ther it come frow a polytope ?

[ Pofm‘ a rcange ment whose
el [pOiVte are not- verticor of owj

e Pol&l—ope,
-]

n-al
Tom - Qa1 qn € R is the (atfine) Gale dus( Of @
polytope (thetrc, its vertices) & no point con
be Sepavoreot (fom ine otvers by @ central

hgngp(Qﬂe,== Vljperplcme that Contfaine due ongin

( prool lator ) cannot be gepa fetect
{om the otrhese
Seporeles 4 {tom becavee i+ e a
EXGW‘P‘Q’- ine otnere clovble point.
./ [
® 7

/ —8 —5 4 R
/ ¥ . R’ (= 9ale clue( of §gucre )

EXOW:EIC‘- oHhev pOIU)—OPe gole duals
E_x: (f\no( {Lie

. : . correspemdin
taanse with dovble pomis ° poly topes. 7
o0



° (We can qcl—uc'.llj rad the {ull foce-latce Grom dhe
gale clya) (cm—lg eavily.

Th_m’ S¢ {»{,-..‘n} Correspondle 40 o {bee of P
i@é‘ COm)-?&‘. I |'¢S? Confcins {wne oYvgin iv

& relative interior,

(proot later ) = interior relative to
the a€fine hull.

4
o

o V X @
o o o
o o 9 o o
O

Example . square ence egain

—> CO“"’{PHPQ,PQ} is no {face

+~
X

o®
w

—? conv 'fPa: pq} s a face

OLN
X
w*

—* COnv Y P, p, P s no fece

.‘;LN 4‘+~
p 3
-

% }3 —> Conv EPQ} s e foce



o prove the Prev\’oo_e theovews i+ MG(PS7 lo c(awc:r
a conceptual pernt about whot 5446’ duslity
“ac4uat(3“ coes.

— gale o(aal,'alj gwops Cirewrds witn cocerccudcis

)
Del: a vector V€ 7-,0 + ¢
1S Q
() ciccuct 7€ there (€ @ centeal hyperplane H
Lhot Sepavotes ihe +-poinke frow jhe —-POIMS

avigl that conrorne all 0'p0\‘a/HJ‘

(ii) cocircuct i€ twere ve G @ineoy o _ &
O ®
depenaence o 0
O=d4P1.(,...-e—°‘nPn o

where o; hes sign ;.

« «
© the i;e(‘mrv\alayy (CO)C[(‘CU-I.‘J’ comeos from
ovienteo! matroidd i-lnaov\(f (en abercachon o+
€inear algebva over oxolereol {relds )

i D)
Thm: T vef-o0+3 s o circwit for P,,...Pn R then v
is a coccrcuvt {or %...(qnelE“ anol Ure verea,
Pecot -

o Suppose d,,P,,-('“'*o&“Fn =0

) | o,
“ [i 4[]
| | o,



< Xo =0
= o ] Spon X <= o(G([L.

® Suppose there i¢ a cevtral hyperplene H with norwe|
vecker CE IEOS Fhen he ewntries of the covrespon ding

Cirewcy are the Signe of [3; - = <C,P;>.
= B =Xc
= € spen X = fBel.

o Since (lineer) gele c(aah'irj Swaps U avat Ut e
previovs €Juivelevces §$how tust 1t clro Sweps

Clrcurte anol coci'ccurts. 1

NOTE : For ctfine gale dua/i}-j fhie sl holole | but

(co)circuts on the atfrne sae (P) are clefimedt
S))'sth crffecent

(:) affine citcurie are ctefinect Lia genefral hyperplavec,
hot nece&sar-‘lj central.
(ii) attine cocrccurts aere defined uJ'M3 aftfine cepencevciee,

not flinedr dlepeviotencres.

With Lhee tn place we cow prove the prewour results.



n-al
Tom - adl"'lqﬂ eER i the (affine) gale,o(uo( of &
polytope (+hetre, its vertices) if& ne point con
be Separorest {Yom ine ohners by @ central

h yperplane..

Proof:
© @ verlex ok ¢ polylope cannold be writen a@s fhe
convex cowmbrnahen 0F other verhcec.
® Cuppoce p, € conv §P=/'“(Pn}
e Py = AP, ** dnpa 20, 2d.=1
&= 0= ~Pa tohpy € % Py,
—+ (=, %, ..., %) is an (afine) cocicuit €or p.
— (-, Ye,..., %) is a ciccurt Lor q.
¢ this meanpe there (¢ G central Mﬂpe.rplane }hat-
S€paratec q, from {he ethev pointe.

—> {or a polyrepe tnie connot happon.

hm: SE {4,-..(n} Correspemdle #0 ¢ {bee of P
1€ COW%&; I (¢Sf Conterns e ovrgin iwv
18 relative interior.
Proot :
e £ Sc f»(,...,nf corresponct s Jo a {ace hen Hhere v a
"4-ouchfn3 ! htjperplane , thekis 1+ contame all pomte

on the gawe oele | ond exacHy p;, ief on v



v
— +Lhere it an (affine) circud Ve f'—,o,-l-f of p
with Yv; =0 ,7el aviol + every where elee.

—> V i® @ Ccocircuvt ot Lhe gale clual ot q_ :
0= gyt by = Zofigr >0
I

© Since do:>0 We can normalze to Zo: =41
o ¢ O€com {q; | ¢S

° Sce d.>0 the orvgin ir in the relotive interior,

L



6.4 PoLq»LoPes with few vecteer

© We are olreadtf cleal+ wikh rn=cl+l.

o nNext: n=d+2

- (affine) gale clua| (s 1-climenesenal
— q{ ave on o Line

Problem : “There ore infinitely mony Waye t0 ofronge

F05n+9 on a line.
— What differences cre important for

clessv(hcation €

e (D€ neeal to tele abovt one furbher type ot Gale duality.

° R "?2 Moving & pornt q: alovg
o the ray Aq., 1> 0 coes
X ® .
not chenge whetuev it s
//
® ® the Gale olual ot a polytope

nor (¢ Ccowbwetorial b:/pe.

@(: Ver(€'8 this usivg the previove theorems .

Del: Sphericel gale OUQgra\m
= Poq,’ec;l—»‘ng Ehe non - e POMH‘ of the
o ine gale cua| onto tue unif cphere.

7

2 ° 7
rE \.\ P <
o/x\ -
o
-~ [ V4



—> the spherical Gale diagrem contarns ol tue

Informaton 10 recemcivuct the COmMmbinatornia|

type (but not bhe polytepe up to o éhine trowe omahon )

o C‘PP'S this L0 the cage n=al€2:
- uwit spnere in R %-l-d,—i}
— all peints in 1-olivnen&'onal| gphem‘ca!

liaotcam cre € f—i,O,{-i}.

NOTE: —s——2¢— p*?

,&- Ihere neect {0 be two pointe
0" Qaon &ale of 2erto for Jhe
to be {rom a Poltd}-ope.

- d=2: n=¢ there & @ umgue Svuch Pol(d Fope
(the Sq_uqre)
- d=3: u=3  two polyrepes

—4—=—8— [’ ———§— [°

,j () G€)

4 -Genoal pyra mel

'l:ffongu.la« b[pﬂramfoe
Ex: vewly that yhese

ave the polytopes {o

+he oit'osro ms.



—d=4: wn=§ {our polytopes

R* ——x—4§— p*
RY X

—8—8—
—§——

thege are : pyremidys over (%) cvol (&)
bi pyrewd ovev tetraheovron
CSClt‘C Polcd)-OPQ C(‘,CG)
—d=5: n=7 Srx polytopes

Ex: {ind a closecl {ocmula for nuwmber of

Such polytopes in chimension . € O(dz)

® {from wn=d+3 i Srartr o be real haerel werk.

® ne=cte3: exponenkally maony !l

1. . ~
~ dg With Y= 2.83392 ...

Sphericel g‘ale
diegrame of d+3

@ % % % % polytepes {oc

=4 onot =S
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